The Einstein-Podolsky-Rosen (EPR)-entangled quantum state is of special importance not only for fundamental research in quantum mechanics, but also for information processing in the field of quantum information. Previous EPR-entangled state demonstrations were constructed with photons of equal phase wave fronts. More complex scenarios with structured wave fronts have not been investigated. Here, we report the first experimental demonstration of EPR entanglement for photon pairs carrying orbital angular momentum (OAM) information, resulting in an OAM-embedded EPR-entangled state. We measured the dynamics of the dependence of the ghost interference on relative phase under projection. In addition, the reconstructed matrix in the OAM and EPR position-momentum spaces shows a specific hyper-entanglement in high dimension.
paradox inequality. We investigate the difference in ghost interferences between photon pairs with even and odd OAM that arises from a phase difference in the axisymmetric direction. We further demonstrate the hyper-entanglement in the OAM DOF and the linear momentum DOF. Photon pairs have been proved to be simultaneously entangled in multiple DOF-polarizations, spatial modes, and energy-time 34 - 38 . In this work, we demonstrate that linear momentum DOF can be added to the list. Hyper-entanglement in these two DOFs offers significant advantages in quantum communication protocols, e.g., secure superdense coding 39 and cryptography 40 .
FIG. 1. Experimental setup: the photon pairs are generated by spontaneous four-wave mixing (SFWM) using counter-propagating pump fields 1 and 2. The SFWM is based on a double-Λ atomic configuration with energy levels of the ground state |1>, metastable state |3>, and excited states |2> and |4>, associated with 5S 1/2 (F=2), 5S 1/2 (F=3), 5P 1/2 (F=3), and 5P 3/2 (F=3) configurations, respectively; see inset for the energy diagram. The lenses (f=500 mm) are used to collimate the diverging Signals 1 and 2. The Signal-1 photon is first projected onto a spatial light modulator (SLM 1) and then imaged by a metal object, and finally collected by Coupler 1. The
Signal-2 photon is reflected by SLM 2 and incident into an M-Z interferometer, which sorts photons of even and odd OAM into different paths for ghost interference and imaging.
With reference to the experimental setup and energy levels ( Fig. 1) , the photon pairs are prepared by continuous SFWM in a cold 85 Rb atomic ensemble trapped in a two-dimensional magneto-optical trap (MOT).
Laser pump 1 is blue-detuned by 65 MHz to the atomic transition |3> (5S 1/2 (F=3))→|2> (5P 1/2 (F′=3)), and laser pump 2 is resonant with the atomic transition |1> (5S 1/2 (F=2))→|4> ( The error bars represent statistical error of ±1 standard deviation.
As SFWM is a nonlinear process that conserves momentum, the initial state of the system has zero linear and zero angular momentum, so that the resulting joint state of the Signal 1 and Signal 2 photons has equal momentum that induces anti-correlations in the OAM and linear momentum states. Thus, the generated photon pairs should be entangled in the product space of OAM and linear momentum. The established entanglement is written
where A is a normalization constant, 
, and exp  is the reconstructed density matrix 42 . Second, we verify whether the photon pair is EPR-entangled in position-momentum by demonstrating ghost imaging and ghost interference. For the EPR entanglement measurement, the metal object and the slit are added, and the SLMs act as mirrors. Signal 1 is partially blocked by the metal object, and Signal 2 is measured by scanning the position distribution in one dimension. We hence obtain the profiles for both ghost imaging and ghost interference using the coincidence count rates for the Signal 1 and 2 photons; the normalized results are shown in Fig. 2 (b) . The accumulated time for each point in the interference data is 30 s, and 200 s for imaging data. The high-contrast ghost interference and ghost imaging indicate a high-degree of EPR position-momentum entanglement. To verify that these photon pairs are indeed EPR-entangled, we need to check whether the EPR-paradox inequality is satisfied, that is, 13,41 , From the interference data [ Fig. 2 Table I . We find that all of the results satisfy the EPR-paradox inequality, indicating that EPR entanglement not only exists in the Gaussian mode, but also in other OAM modes. As the only obvious difference between photon pairs of even and odd OAM is that the phase in the central symmetric direction is the same or opposite, we conclude that the difference in their ghost interference profiles arises from this difference in relative phase. The axially-symmetrical double slits collect Signal-1 photons with the same or opposite phase in each slit window, which determines whether the entangled Signal 2 forms constructive or destructive interference at the symmetric center. To clarify how this phase difference affects the profiles, we measured the ghost interferences under different phase structures. The phase structure loaded onto SLM 1 shown in Fig. 3 (a1) was used to simulate the phase difference induced by OAM; the gray level represents the phase value.
The phase difference θ between the double slits is compared with that between the left and right of the phase structure loaded on the SLM 1, which can be adjusted continuously. Taking the relative phase θ into consideration, the object transfer function for Signal 1 can be written
where ω 0 is the Gaussian envelope, ω b the width of the metal block, 1 r the position vector on the Signal 1 detection plane, and
with H(x) the Heaviside step function. By introducing a relative phase in the object transfer function, we can obtain a generalized two-photon correlation function for ghost interference; see Supplemental Material for details. Theoretical results for ghost interference under different relative phases θ from -π to π are shown in Fig. 3(a2) . We measured the ghost interferences for different relative phases (-π, -π/2, 0, π/2, π) [ Fig. 3(b1-b5) ]. By fitting the experimental data with the theoretical function, we obtain the uncertainties for ghost interference under different relative phases (Table II) . The EPR-paradox inequality is evidently satisfied for all phase structures demonstrating that despite the relative phase between the double slits varying, EPR entanglement remains. This supports the conclusion that the difference in ghost interference profiles for photon pairs with even and odd OAM indeed stems from the phase difference in the axisymmetric direction. To avoid interference between the Gaussian mode and OAM l=1, we need to separate the two modes without any disruption before measuring the ghost interference. Here, we adopt the method based on M-Z interferometer to sort the OAM efficiently; the helical phase structure of OAM is also preserved [31] [32] [33] . We realize that state separation In summary, we demonstrated for the first time that EPR entanglement not only exists in the Gaussian mode, but also in other OAM modes. The ghost interference profiles for photon pair with even and odd OAM are different and stem from the different relative phase in axisymmetric direction. We also measured ghost interferences under different relative phases to study the dynamics of the EPR process; this can be further extended to photon pairs with non-integer charges because the relative phase in the axisymmetric direction is not an integer of π for non-integer OAM. For photon pairs with special spatial structures formed as a superposition of different OAM modes, we can in principle implement EPR entanglement with arbitrary structured modes. Moreover, we can demonstrate hyper-entanglement in the OAM DOF and the position-momentum DOFs using tomography and the EPR-paradox inequality, respectively. The exotic interference structures arising from the superposition of OAM phases were investigated, and hold promise for a variety of quantum information protocols such as unconditional quantum teleportation 43, 44 , quantum key distribution 45 and high-dimensional communication 11, 12, 46 . Because the OAM and position-momentum DOFs correspond to infinite-dimensional Hilbert spaces-one is a discrete variable in the azimuth direction, and the other is a continuous variable in the linear momentum direction-the generated entanglement here is spanned in ultra-high-dimensional spaces. The estimation and limitation of such hyper-entangled dimensions are introduced in Supplemental Material. In addition, the reconstructed matrix in OAM and EPR position-momentum spaces indicates a specific hyper-entanglement spanned in the high dimension, which is significant in high-dimensional quantum communication, quantum computing, and quantum imaging. Estimation of the hyper-entangled dimension. For OAM DOF, the photon pairs generated by SFWM in a cold atomic ensemble could entangled in a high-dimensional OAM, in principle, the number of dimensions can be simply estimated by the formula of etc., which needs further investigation. Therefore, the photon pairs generated in our system can be in ultra-high dimensional by hyper-entangling two high DOFs, which is limited to be 1.08×10 4 .
Quantum state of photon pair
The geometries shown in Fig. 1 .. 4
Where .. Hc stands for the Hermitian conjugate. (3)  is the third-order nonlinear susceptibility. Take the Eqs.
(S1) and (S2) into (S3), and after the z and  integration we rewrite the Hamiltonian as
is the longitudinal phase mismatching.
12 ss l l l    is the azimuthal phase mismatching. According to perturbation theory the two-photon state  can be expressed as There is a prospect that the ghost interference of photon pairs with even and odd OAM will be detected in the horizontal and vertical components respectively. symmetry, which depends on OAM and linear momentum DOFs. We can calculate the two-photon correlation function for Gaussian by inserting Eq. (S17) and Eq. (S18) into Eq. (S13). The calculation result in,
The ± in the function corresponding to the horizontal (+) and vertical (-) components respectively.
Assuming that the photocurrent from detector for the horizontal and vertical components of Signal 2 are,
